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ABSTRACT
The (153591) 2001 SN263 asteroid system, target of the first Brazilian interplanetary
space mission, is one of the known three triple systems within the population of NEAs.
One of the mission objectives is to collect data about the formation of this system.
The analysis of these data will help in the investigation of the physical and dynamical
structures of the components (Alpha, Beta and Gamma) of this system, in order to
find vestiges related to its origin. In this work, we assume the irregular shape of the
2001 SN263 system components as uniform density polyhedra and computationally
investigate the gravitational field generated by these bodies. The goal is to explore
the dynamical characteristics of the surface and environment around each component.
Then, taking into account the rotational speed, we analyze their topographic features
through the quantities geometric altitude, tilt, geopotential, slope, surface accelera-
tions, among others. Additionally, the investigation of the environment around the
bodies made it possible to construct zero-velocity curves, which delimit the location
of equilibrium points. The Alpha component has a peculiar number of 12 equilibrium
points, all of them located very close to its surface. In the cases of Beta and Gamma,
we found four equilibrium points not so close to their surfaces. Then, performing nu-
merical experiments around their equilibrium points, we identified the location and
size of just one stable region, which is associated with an equilibrium point around
Beta. Finally, we integrated a spherical cloud of particles around Alpha and identified
the location on the surface of Alpha were the particles have fallen.
Key words: Near-Earth objects, asteroids: triple system: (153591) 2001 SN263 –
methods: numerical – celestial mechanics.
1 INTRODUCTION
Asteroids are remnant bodies from the beginning of the solar
system, and, as such, they preserve information that might
help to understand the planetary formation process better.
Primitive asteroids might harbor complex organic molecules
and water that could have been delivered to the early Earth
through collisions, contributing to the origin of life on our
planet (Morbidelli et al. 2000; Izidoro et al. 2013).
Collisions of asteroids with the Earth occurred in the
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past and certainly will happen again at a yet unknown mo-
ment in the future. Then, knowing the composition and the
internal structure of the various types of asteroids becomes
of fundamental importance for a well planned strategy to
avoid the collision and/or reduce its consequences.
Beyond all that, asteroids are also getting the attention
of the mining industry, since they could be profitably exploi-
ted (Lewis 1997). Therefore, asteroids are on the top of the
list of relevant subjects to be studied and explored.
With the current technological development, an excel-
lent way to significantly deepen our knowledge about aste-
roids is through space missions. Thus, an increasing number
of missions to NEAs is being planned or is underway these
days (Yoshikawa et al. 2015; Lauretta et al. 2017). The easier
(closer and cheaper) space mission targets are Near-Earth
asteroids (NEAs), since they get close to Earth’s orbit peri-
odically.
c© 2019 The Authors
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Collisional and other disruptive mechanisms made
many of the minor bodies to become multiple systems.
Among the NEA population, there are 72 asteroids curren-
tly known as multiple systems. From those, there are only
three known triple systems, namely (153591) 2001 SN263,
(136617)1994 CC, and 15 (3122) Florence. All the remai-
ning known multiple NEA systems are binary systems.
The triple system 2001 SN263 was chosen to be the tar-
get of the Brazilian space mission named ASTER (Sukhanov
et al. 2010). One of the main reasons for this choice is asso-
ciated with the sizes of the three bodies. The largest compo-
nent of this system (called Alpha) has a diametre Dα ∼ 2.5
km, while the second largest component (Beta) has diametre
Dβ ∼ Dα/3 and the smallest one (Gamma) has Dγ ∼ Dα/6.
In this case, the bodies have comparable sizes, none of them
has a size hundreds of times larger than the other. If they
are remnants of a parent body that was broken by a colli-
sion, for instance, one could expect to see part of the parent
body core exposed on the surface of one of the components,
allowing the spacecraft to easily get information about the
internal structure of the parent body. Also, note that none
of the components is too small to be explored by a space-
craft. The smaller component (Gamma) has a diametre lar-
ger than the mean diametre of (25143) Itokawa, the target
of the successful Hayabusa mission (Yoshikawa et al. 2015).
On September 20th of 2001 the LINEAR survey disco-
vered the asteroid (153591) 2001 SN263 (Stokes et al. 2000).
Radar observations made by the Arecibo Observatory on Fe-
bruary 12th of 2008, when it made its closest approach to
Earth at a distance of 0.06558 au, revealed it is composed
of three components (Nolan et al. 2008). Early spectrosco-
pic observations indicated that it is a B-type asteroid in the
Bus-DeMeo taxonomy (DeMeo et al. 2009).
Later, Perna et al. (2014) investigated the surface com-
position of the asteroid 2001 SN263 and compared its reflec-
tance spectra with laboratory spectra of meteorites and mi-
nerals. They found a featureless convex spectrum (Polana-
or Themis-like), confirming it as a B-type. The observati-
ons showed that, among the small solar system bodies, the
system has the bluest visible spectrum ever observed. An
organic- and magnetite-rich surface composition, like that
of heated CI carbonaceous chondrites, was suggested by the
spectra. A large abundance of Phyllosilicates is possible, as
well. They also found indications of a composition variety
within the triple system and a coarse-grained surface.
A first work on the dynamical solutions of the triple
system was made by Fang et al. (2011). They analyzed pos-
sible dynamic solutions in order to describe the properties,
origin, and evolution of the system 2001 SN263. The orbi-
tal evolution of this system was configured through nume-
rical simulations using an N-body integrator package that
considers the gravitational interactions between the three
components. Then, Fang et al. (2011) obtained estimates of
masses and orbital elements for the three bodies, as indica-
ted in Table 1. They also verified that the observed values
of the smaller bodies’ eccentricities and mutual inclinations
could be easily generated by planetary close encounters.
The announcement of the ASTER mission motivated
studies to characterize regions of stability of the system
(Araujo et al. 2012, 2015). The knowledge of the structure of
such regions is crucial in the design of the mission. Regions
of stable prograde trajectories (Araujo et al. 2012) might
indicate the location of possible remnant debris of the sys-
tem. Then, regions that are unstable for the prograde cases,
but stable for the retrograde cases, would be safer to place
a spacecraft in a retrograde trajectory (Araujo et al. 2015).
There are other works devoted to get information and
look for orbits that might help in the definition of the spa-
cecraft trajectories plan (see, for instance Bellerose et al.
(2011); Prado (2014); Masago et al. (2016); Santos et al.
(2018)).
More recently, Becker et al. (2015) analyzed a data set
composed of 240 delay-Doppler images from radar observa-
tions of the Arecibo Observatory and light curves of diffe-
rent observatories of the system 2001 SN263, and obtained a
three-dimensional model that characterized the shape of the
three bodies and relevant physical aspects. Initially, seve-
ral models were investigated and studied to obtain a refined
and detailed format of each object and coherent with radar
images and light curves. After delimiting good approxima-
tions of shape, the period of rotation, and pole orientation,
Becker et al. (2015) presented a model based on a polyhe-
dron composed of 1148 vertices and 2292 faces that best
described the irregular shape of each body of the system
2001 SN263
1. Moreover, these polyhedra models contributed
to the calculation of some physical parameters, among them
the equivalent diametre of Alpha, Beta, and Gamma whose
values are 2.5± 0.2, 0.77± 0.12 km and 0.43± 0.14 km, res-
pectively. Becker et al. (2015) also computed the densities
for the three components of the system, see Table 1, in rela-
tion to the masses derived by Fang et al. (2011). Associating
the low densities with the spectral observations of the triple
asteroid, Becker et al. (2015) concluded that the objects of
the system 2001 SN263 are dark and belong to type B (car-
bonaceous), implying a porous internal structure, similar to
rubble.
Therefore, besides the peculiarity of being a triple sys-
tem of asteroids with interesting features, the system 2001
SN263 is the target of a space mission (Sukhanov et al. 2010),
which motivated us to explore the dynamic environment and
the topographic characteristics of each component.
Thus, in the current work, we use the detailed shape
models presented in Becker et al. (2015) to make further ex-
plorations on this system. In the next section, we present the
three-dimensional model of the shape of each object consti-
tuting the triple system 2001 SN263, in addition to its physi-
cal characteristics. Section 3 introduces the definition of gra-
vitational potential and geopotential, based on the polyhe-
dra method. The topographic features of the triple system
are presented in relation to the geometry of the bodies, Sec-
tion 4, and in relation to the behavior of the geopotential
on the surface of the bodies, Section 5. The investigation of
the environment around the Alpha, Beta, and Gamma bo-
dies, including the location and stability of the equilibrium
points, is discussed in Section 6. Considering that small bo-
dies, such as asteroids, are periodically impacted, in Section
7 we integrated a cloud of massless particles orbiting each
one of the 2001 SN263 system bodies to investigate the im-
pacts against the surface of the three components. Then, we
statistically investigated whether these impacts are evenly
1 PDS. Website: https://sbn.psi.edu/pds/shape-models/
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distributed or whether there are preferential regions. The
last section encompasses the final comments.
2 SHAPE MODEL AND PHYSICAL
PROPERTIES
We present a brief discussion regarding the irregular shape
of the triple system 2001 SN263 components. Fig. 1 illus-
trates the three-dimensional shape of the Alpha, Beta, and
Gamma bodies, according to the model constructed by Bec-
ker et al. (2015), which adjusts the surface of each object
to a polyhedron with 1148 vertices and 2292 faces. We can
observe that Alpha has a protuberance at the equator whose
neighborhood is bounded by two regions with low altitude,
one near the north pole and the other near the south pole.
The difference in altitude between these regions and the sa-
lience at the equator is no more than 400 meters. This re-
latively low difference occurs because we have a certain si-
milarity between the altitudes of the equator and the poles,
which does not occur for Beta and Gamma. Although the
total variation in altitude of the main body is ∼ 4 times
that of Gamma and ∼ 2 times greater than that of Beta,
are the satellites that present a more elongated and flatte-
ned format, resulting in high altitudes in the extremities of
the equatorial region and low altitudes near the southern
and northern hemispheres.
With this information, we use an algorithm proposed by
Mirtich (1996) and transfer each polyhedra model to a fixed
coordinate system in the body and with origin in the centre
of mass of the object. We also align the axes x, y, and z to
the principal axes of the smallest, intermediate, and largest
moment of inertia, respectively. We emphasize that all our
calculations consider that the bodies of the triple system
have a constant density (Table 1) and rotate uniformly on
the axis of greatest moment of inertia. Although we adopted
the polyhedra model and the density estimated by Becker
et al. (2015) and still the value of the mass proposed in Fang
et al. (2011), we had to apply a correction factor to adjust
the volume of Alpha, Beta, and Gamma, to be consistent
with our considerations. We obtained for Alpha the volume
of 8.34 km3, for Beta 0.24 km3, while for Gamma 0.04 km3.
Still using the algorithm of Mirtich (1996), we compute
the values of the principal moments of inertia, normalized
by the body mass, in order to determine the values of the se-
cond degree and order gravity coefficients of the Alpha, Beta
and Gamma objects (Table 2), according to Hu & Scheeres
(2004):
C20 = − 1
2R2n
(2Izz − Ixx − Iyy), (1)
C22 =
1
4R2n
(Iyy − Ixx), (2)
where Rn is the volumetric radius of the body used for nor-
malization.
The coefficient C20 is commonly represented by J2, such
that J2 = −C20. The gravitational coefficients express the
irregularities of the mass distribution of a body. From this
perspective, the coefficients C20 and C22 determine how flat
and elongated the body is, respectively. We observed that
Figure 1. Three-dimensional polyhedral model representing the
shape of the Alpha, Beta and Gamma bodies, respectively. All
three forms were constructed based on polyhedra with 1148 ver-
tices and 2292 faces. The color code provides the distance from
the geometric centre of the body, in km. The origins of the sys-
tems are the geometrical centre of the bodies and the axes x, y
and z are aligned with the smallest, the intermediary and the
largest principal axes of inertia.
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Table 1. Physical and orbital properties of the triple asteroid system (153591) 2001 SN263
Body Orbit Semi-major Eccentricitya Inclinationa Orbital Spinb Massa Densityb Volumetric
axis a (deg) period (hours) (1010 kg) (kg·m−3) radius (km)
Alpha Sun 1.99 au 0.48 6.7 2.8 yearsc 3.4256 917.466 ± 2.235 1,100 1.25
Beta Alpha 16.63 km 0.015 0.0 6.23 daysb 13.43 24.039 ± 7.531 1,000 0.39
Gamma Alpha 3.80 km 0.016 14 16.46 hoursb 16.40 9.773 ± 3.273 2,300 0.22
a Fang et al. (2011)
b Becker et al. (2015)
c JPL. Website: https://ssd.jpl.nasa.gov/
Table 2. Values of the principal moments of inertia, normalized
by the mass of the body, and of the gravitational coefficients C20
and C22 calculated for Alpha, Beta and Gamma.
Alpha Beta Gamma
Ixx/M (m2) 629,300 44,720 14,810
Iyy/M (m2) 660,360 68,580 20,070
Izz/M (m2) 671,290 77,530 20,270
C20 −0.01672 −0.14053 −0.06042
C22 0.00491 0.04013 0.02803
among the three objects, Beta has the most flattened and
elongated form, while the low values, in modulus, of the
coefficients C20 and C22 of the Alpha, expressed in Table
2, indicate a less prominent flattening and ellipticity. Note
also that the value of the coefficient C20, in modulus, of all
bodies is greater than that of the coefficient C22, charac-
terizing an object whose shape presents a flattening at the
poles more accentuated when compared to the elongation of
its structure towards the equatorial region. By comparison
criterion, the coefficient J2 of Alpha is consistent with the
numerical simulations of Fang et al. (2011), which converged
at a value of J2 = 0.013 ± 0.008. In Section 4, we will give
a more detailed discussion of the shape and geometry of the
components that form the triple system 2001 SN263.
3 GRAVITATIONAL FIELD AND
GEOPOTENTIAL
Werner & Scheeres (1996) have developed a method that
describes the gravitational field of small bodies taking into
account their irregular format. The shape of the body is mo-
deled as a polyhedron with f faces and v vertices, assuming
uniform density. This method provides a much more accu-
rate calculation than the Legendre Polynomials and triaxial
ellipsoids methods, often used to compute the gravitational
potential of asteroids, for example. Thus, by applying the
method of polyhedra, we can write the energy and attrac-
tion of a body, respectively, as (Werner & Scheeres 1996):
U =
Gρ
2
∑
e∈edges
re·Ee·re·Le−Gρ
2
∑
f∈faces
rf ·F f ·rf ·ωf , (3)
∇U = −Gρ
∑
e∈edges
Ee·re·Le +Gρ
∑
f∈faces
F f ·rf ·ωf , (4)
such that the gravitational constant is given by G =
6.67428 × 10−11 m3 kg−1 s−2 and ρ is the density of the
body; re and rf are the vectors from a field point to any
point in the edge e plane and in the face f plane, respec-
tively; Ee and F f are tensors of the edges and faces; Le is
the integration factor associated with each edge, and ωf is
the signed solid angle subtended by planar region (face of a
polyhedron) when viewed from field point.
By adding the effect of uniform rotation of a body to
its gravitational potential, we obtain the expression of the
geopotential, which provides the relative energy according
to the location in the body-fixed frame. Thus, when we con-
sider the movement of a massless particle on the surface of
one of the components of the triple system, we associate the
intensity of the geopotential with the amount of energy ne-
cessary for this particle to be able to move along the surface
of the body. In addition, the geopotential and its derivati-
ves make it possible to compute the accelerations, the slope
angle, among other quantities, that act on the surface of
the body and assist in the investigation of the topographic
characteristics (Section 5).
In this paper, we are assuming that the body rotates
uniformly with velocity ω, and the polyhedral model repre-
senting its shape is centred in the centre of mass and in
aligned with the main axes of inertia. Then, the geopoten-
tial, in this case, takes the form (Scheeres et al. 2016):
V (r) = −1
2
ω2(x2 + y2)− U(r), (5)
where r is the position vector of a particle in the body-fixed
frame relative to the centre of mass of the body and U(r)
is the gravitational potential computed by the polyhedra
method.
3.1 Equation of motion
The movement of a particle in the vicinity of the triple sys-
tem 2001 SN263 suffers the effects of the gravitational poten-
tial of bodies with irregular mass distribution. However, per-
turbations of the Sun, such as gravity and radiation pressure
force, can also influence and produce changes in the orbit of
the particle. Both perturbations become more evident as the
particle moves away from the system. In addition, the ratio
of area to mass of the particle influences the intensity of the
solar radiation pressure. Despite this, when we compare the
effects of the perturbative forces that influence the motion
of a particle, we often verify that a single force dominates
the entire system, the others being neglected without loss of
information in the analysis of the results.
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From this perspective, in this paper, we consider that
the perturbation of the gravitational field of the triple sys-
tem components is much more effective than perturbations
from the Sun and the gravitational field of other bodies. Mo-
reover, we are not interested in the dynamics of very small
particles ( 1 cm), which could produce significant contri-
butions from the solar radiation pressure.
Then, the equations that determine the motion of a par-
ticle orbiting a body with uniform rotation on its axis of ma-
ximum moment of inertia are described as (Scheeres et al.
2016):
r¨ + 2ω × r˙ = −∂V
∂r
, (6)
where r˙ and r¨ indicate velocity and acceleration of the par-
ticle in the body-fixed frame.
When we assume that the body rotates uniformly, the
equations (6), in the body-fixed reference frame, are time
invariant, implying the existence of a motion integral similar
to the energy in the rotating frame. This conserved quantity
is called the Jacobi constant (J) and is given by (Scheeres
et al. 2016):
J =
1
2
v2 + V (r), (7)
where v is the magnitude of the velocity vector with respect
to the body-fixed, rotating frame.
4 GEOMETRIC TOPOGRAPHY
The analysis of some topographic features on the surface of
an object is in relation to the attributes of geometric cha-
racter, that is, without the involvement of its properties and
physical phenomena. Considering this perspective, Scheeres
et al. (2016) defined and investigated the characteristics on
the surface of the (101955) Bennu asteroid by Geometric
Altitude and Tilt.
First, we measure the radius of the body given by the
distance between the geometric centre of the object and the
barycentre of each of the triangular faces delimiting its sur-
face. By definition, the Geometric Altitude mapping expres-
ses the variation of the body radius in relation to a minimum
radius, among those computed. The values of this smaller
magnitude of the vector radius for Alpha, Beta and Gamma
are 1.06 km, 0.26 km and 0.17 km, respectively. Fig. 2 shows
the geometric altitude variation for the three system 2001
SN263 components.
Analyzing the results for the Alpha body, we noticed
a similar altitude distribution between the poles and the
equator. This feature becomes more evident if Alpha were
modeled as an ellipsoid, where parameters a, b, and c (Ta-
ble 3) would determine their size and shape. It is apparent
that these parameters have similar measurements, indicating
that the distance from the centre of mass of the body to the
poles is comparable to the distance to the equator. Also, the
highest altitudes are located precisely at the poles and in
some regions of the equator, as shown by the different views
in Fig. 2 for Alpha. However, between these higher altitude
locations, some depressions may be present, as illustrated in
the Left view for Alpha (Fig. 2), where the lowest values of
radius were computed (the minimum distance of the surface
to its geometric centre is 1.06 km). Although the altitude
Table 3. Values of the semi axes (a, b and c) representing the
dimensions of an equivalent ellipsoid for each component of the
triple system 2001 SN263.
Body a (m) b (m) c (m)
Alpha 1,314.79 1,255.30 1,233.69
Beta 515.27 374.91 306.02
Gamma 261.46 200.45 197.70
difference of these depressions is less than 400 m, they can
not be ignored since they represent a relatively high une-
venness on the surface of a body whose volumetric radius is
about 1.25 km.
In the case of Beta, which has a shape similar to an el-
lipsoid, its poles are flattened and have the lowest altitudes
(Top and Bottom views of Fig. 2 - Beta) and its elongate
equatorial region carries the highest altitudes located at the
extremities (Front and Back views of Fig. 2 - Beta). And,
just as occurred for Alpha, the ellipsoidal form of Beta is
compatible with the values of parameters a, b, and c of Table
3. The value of a is the largest of the parameters, showing a
flattened shape at the poles and elongated toward the equa-
tor. This is in accordance with the gravitational coefficients
C20 and C22 of Beta (Table 2). We note that Beta has a
kind of “waist”, which from the ends of the equatorial region
tapers towards the centre of the body, as observed in the
Right and Left views of Fig. 2 - Beta. Among the values
computed, in this “waist” are located the average altitudes.
Moreover, the ends of the equatorial region are not symme-
trical, the extreme given by the Front view (Fig. 2 - Beta)
has a more uniform altitude distribution with intermediate
values, whereas the other extreme, Back view (Fig. 2 - Beta),
has the highest altitudes. There are two regions that delimit
the “waist” of the body and are close to the poles, exposed
in the Right view of Fig. 2 - Beta, which presents rough
irregularities with respect to the rest of the surface. These
irregularities possibly culminate in valleys of up to 200 m,
and obviously must be taken into account, since that value
is about half the volumetric radius of the Beta body.
As opposed to Alpha and Beta, which present brief pat-
terns in its formats, such that for Alpha, we observe a slight
symmetry between the northern and southern hemispheres,
while for Beta a format a little similar to that of an ellipsoid,
Gamma has a much more irregular shape. The poles, Top,
and Bottom views of Fig. 2 - Gamma, delimit regions with
low and medium altitudes next to each other, evidencing the
diversity and irregularity of the relief in the surface of the
body. Although Gamma has a shape indeed irregular, it is
clear that in the equatorial region, precisely at the extremes,
are the highest altitudes, as shown in the Front and Back
views of Fig. 2 - Gamma. Again, this feature can be verified
by analyzing parameters a, b, and c of Table 3, since the
measure of a is approximately 30% greater than that of pa-
rameters b and c. Then, just as in the case of Beta, Gamma
has the equatorial region more elongated than the region of
the poles.
Still in the concept of geometric topography, Scheeres
et al. (2016) defined the Tilt angle, in the body-fixed frame.
Let us consider a point on one of the triangular faces that
cover the surface of the body. The tilt angle at this loca-
MNRAS 000, 1–21 (2019)
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Figure 2. Map of the geometric altitude computed across the
surface of Alpha, Beta and Gamma, respectively. Note that the
colour scales are different for each body.
Figure 3. Map of the tilt angle computed across the surface of
Alpha, Beta and Gamma, respectively. Note that the colour scales
are different for each body.
MNRAS 000, 1–21 (2019)
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tion is given as the angle between the normal vector of the
surface at that point and the radius vector, which origina-
tes from the body centre of mass and extends through the
surface at the point. Then, we map the tilt angle for the
three objects of the system 2001 SN263, so that we compute
the normal vector to the surface and the radius vector for
each triangular face of the polyhedral shape model of these
objects. The result is expressed in Fig. 3 and is useful in un-
derstanding the orientation of the surface of the object, that
is, we have a sketch of how each triangular face is oriented
in the structure of the body. For example, if the ASTER
mission plans to land on the surface of one of the objects
to collect or analyze material, the tilt angle could orient the
spacecraft and provide the direction relative to the normal
vector of the landing region. Besides, of course, assisting in
the choice of a possible landing region.
The variation of the tilt angle on the Alpha surface did
not exceed 48◦, and analyzing the Right and Left views of
Fig. 3 - Alpha, we can conclude that the equatorial region
has a uniform distribution with some locations whose tilt
angle is below 10◦. While in the regions between the equator
and the poles, there are larger bands constituting the regions
with the lowest values of the tilt angle.
On the surface of Beta, the minimum value of the tilt
angle is 0.6◦ and the total variation is 54◦, slightly higher
compared to Alpha. We can note that one of the poles, Top
view of Fig. 3 - Beta, presents a central region with low
values of the angle, and the location around this region is
mostly filled with the highest values. The other pole, Bottom
view of Fig. 3 - Beta, has locations with intermediate values
of the tilt angle, close to an extensive band with low values.
At both poles, it is clear how the geometric orientation of
each triangular face relative to its normal vector varies an-
gularly. And consequently, we can relate these results with
the fact that we have two regions that delimit the “waist”
of Beta and are very close to the poles, Right view of Fig. 2
- Beta, that have a clearly irregular relief. In addition, the
central region of this “waist” presents mostly low values of
the angle tilt, and the rest of the equatorial region concen-
trates values a little lower than the maximum, according to
Right and Left views of Fig. 3 - Beta.
The lowest variation range of the tilt angle occurs preci-
sely for the smallest object, Gamma. The mapping of the tilt
angle on its surface does not exceed 34◦. The Right and Left
views (Fig. 3 - Gamma) point to a track in a curve format
located in the centre of the equatorial region that delimits
the lower values of the tilt angle (∼ 0.2◦). Something similar
occurs for the ends of the equator, Front and Back views of
Fig. 3 - Gamma, with the highlight of three locations whose
tilt angle values, are also low.
We conclude that, although the variation range of the
tilt angle on the surface of Alpha is 48◦, which is equiva-
lent to only 6◦ of difference of the variation range for Beta,
the faces of Alpha are generally less inclined with respect to
their normal vector than the faces of Beta. By analyzing the
behavior of the tilt angle for the three system 2001 SN263
components and a possible landing of a spacecraft on the
surface of one of them, we believe that the Alpha body is
the most viable for such an objective. Since it presents a
practically uniform distribution of the tilt angle on its sur-
face, with the exception of the poles. And this behavior does
not occur on the Beta surface, which clearly has isolated re-
gions where the tilt angle is either small or large. We exclude
Gamma by the fact that its entire surface alternates between
regions with high and low tilt angles.
5 GEOPOTENTIAL TOPOGRAPHY
Simultaneously with the geometric topography analyzes, we
investigated the geopotential and its derivatives, computed
across the surface of the bodies of the system 2001 SN263,
to obtain information and to identify topographic characte-
ristics of the objects, based on the format and the physical
data. The geopotential, as defined in equation (5), is the
contribution of the gravitational potential plus the effects of
the uniform rotation of the body. And the result allows es-
timating the relative energy anywhere on the surface of the
studied body. Thus, variations in the behavior of the geopo-
tential across the surface of the object encompass analyzes
that are dependent on the size, density, and rotation speed of
each body. For the system 2001 SN263, these variations will
be monitored by means of the surface geopotential, surface
accelerations, potential speed, and slope angle, according to
the definitions presented in Scheeres et al. (2016).
As Alpha, Beta, and Gamma have a polyhedral shape
with triangular faces, the gravitational potential, equation
(3), was computed in the barycentre of each face. This plus
the rotational contribution, considering that all bodies ro-
tate uniformly on the axis of greatest moment of inertia,
provided the value of the geopotential on the surface. Fig.
4 shows the mapping of this relative energy in the surface
of the body in relation to a reference value, denominated
“sea-level” value, or, more precisely, the smallest value of
the geopotential computed across the surface of the object
(Scheeres 2012, 2015). This “sea-level” value on the surface
of Alpha is −0.70995 m2 s−2, −0.048285 m2 s−2 on Beta
and −0.033797 m2 s−2 on Gamma.
The equatorial region of the largest component of the
system, Right and Left views of Fig. 4 - Alpha, suffers the
influence of a minimum geopotential with respect to the po-
les, Top and Bottom views of Fig. 4 - Alpha, which have the
highest values. This influence is almost three times stronger
at the poles than at the equator. It is common to observe in
planetary bodies the relationship between altitude change,
in relation to surface geometry, and variations in geopoten-
tial. That is, as there is an increase in the altitude of the
body surface, there is also an increase in potential energy.
Scheeres et al. (2016) did not find this correlation when in-
vestigating the behavior of the geopotential on the surface
of the (101955) Bennu asteroid, in function of being a very
small body with a high spin rate (mean radius = 246 m
and rotation period = 4.29746 h). This occurs because the
rotational component interferes significantly in the effect of
the geopotential across the surface. Such behavior is also ob-
served for Alpha, whose radius is about 5 times the radius
of Bennu if we compare Figs 2 and 4. However, although
it is not expressively large, its rotation speed is 25% higher
than that of Bennu, a high rate in relation to its size, and
this causes a considerable effect on the performance of the
geopotential on the surface. Therefore, even for high altitu-
des in the equatorial region (Right and Left views of Fig.
2 - Alpha), the rotational component of the geopotential is
stronger than the component of the gravitational potential,
MNRAS 000, 1–21 (2019)
8 O. C. Winter; G. Valvano; T. S. Moura; G. Borderes-Motta; A. Amarante; R. Sfair
and consequently, it changes the geopotential in that loca-
tion (Right and Left views of Fig. 4 - Alpha), reflecting in
low values. And at the poles, where the spin axis is located,
such a contribution is not as significant, and the gravitatio-
nal potential stands out, so that at high altitudes (Top and
Bottom views of Fig. 2 - Alpha) the geopotential is high
(Top and Bottom views of Fig. 4 - Alpha). With the ex-
ception of the equatorial region, almost all locations on the
Alpha surface obey the relation: as altitude increases, the
geopotential also increases.
For the Beta body, which has a longer rotational pe-
riod, the geopotential parcel related to its rotation was not
so relevant. Thus, we observed a behavior opposite to that
identified across the surface of Alpha, with the maximum va-
lues of the geopotential located through the equator (Right
and Left views of Fig. 4 - Beta) and the lowest values con-
centrated at the poles (Top and Bottom views of Fig. 4 -
Beta). Even Beta being smaller than Alpha, its low speed
of rotation (290% lower than that of Alpha) motivates the
change in altitude correlated to the change in the geopo-
tential across its surface, as shown in Figs 2 and 4 of this
object. We highlight that the intensity of the geopotential
at one end of the equatorial region (Back view of Fig. 4 -
Beta) is about 12 times stronger than the intensity at the
poles. A fairly great difference if we consider that the alti-
tude variation between these two locations is less than 300
m, as identified in the color palette of Fig. 2 - Beta.
Recalling that Gamma is the smallest component of the
triple system and also carries the longest rotational period,
Figs 2 and 4 of this body indicate the variation of the geo-
potential across its surface related to the change in altitude.
The result is contrary to the pattern suggested in Schee-
res et al. (2016) for small bodies, since the rotation speed
of Gamma is almost 4 times larger than that of Bennu,
although the radius of the first is only 26 m smaller than
the radius of the second. Due to its expressively irregular
shape, we noticed the presence of regions with intermediate
to high values of the geopotential distributed throughout its
surface, especially at the extremities of the equator (Front
and Back views of Fig. 4 - Gamma), where the highest alti-
tudes are located (Front and Back views of Fig. 2 - Gamma).
In addition, there are well defined locations that delimit the
lowest values of the geopotential, as is the case of the poles
(Top and Bottom views of Fig. 4 - Gamma) and regions near
the equator (Left view of Fig. 4 - Gamma).
Ultimately, the geopotential across the surface of Alpha
is about 100 times greater than across the surface of Beta
and Gamma, as expected. However, it is also the component
that has the lowest total variation of the geopotential across
its surface, less than 3% in relation to the minimum value.
While the Beta surface had the highest total variation, al-
most 12% above the lowest geopotential value.
5.1 Surface accelerations
In this subsection we compute the total acceleration (gravi-
tational plus centrifugal) on each face of the surfaces. The
most striking feature found is a wide range of values in the
case of Alpha.
Given the geopotential at any location r on the surface
of the asteroid, when we calculate its gradient (−∂V/∂r) we
obtain the total acceleration in that region. Thus, the total
Figure 4. Map of the geopotential computed across the surface
of Alpha, Beta and Gamma, respectively. Note that the colour
scales are different for each body.
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acceleration intensity is measured as a function of gravita-
tional and centrifugal accelerations. Its variation can affect
the movement of loose material on the surface of the body,
and help in the prediction of possible preferential regions for
an accumulation of this material when associated with the
slope angle (Section 5.2).
Fig. 5 shows the total acceleration surfaces for the ob-
jects of the triple system 2001 SN263. For this, the total ac-
celeration was computed in the barycentre of each triangular
face of the polyhedral shape model of the body. We obser-
ved, by the color code shown in Fig. 5 of each component,
that the greatest variation of the total acceleration occurs
on the surface of Alpha, while the lowest on the Gamma sur-
face (∼ 2.6 times weaker than that of Alpha). These results
are in agreement with the analysis presented in Section 5,
where the effect of the geopotential on the surface of Gamma
is about 100 times smaller than that of Alpha.
It is clear that the distribution of the total acceleration
across the surface of Alpha suggests a symmetry between the
northern and southern hemispheres. The intensity of the to-
tal acceleration at the poles (Top and Bottom views of Fig.
5 - Alpha) is almost 54 times greater than the intensity th-
roughout the equatorial region (Right and Left views of Fig.
5 - Alpha), the same behavior described for the geopotential
(Fig. 4 - Alpha).
The variation of the total acceleration across the surfa-
ces of Beta and Gamma occurs in a similar way. The poles
of both Top and Bottom views of Fig. 5 - Beta and Gamma
delimit central regions with the largest magnitudes of the to-
tal acceleration, and in the vicinity of these regions, we have
intermediate magnitudes. The equatorial region of the two
bodies also presents median magnitudes, except the extre-
mities (Front and Back views of Fig. 5 - Beta and Gamma),
which delimit sites with the lowest intensities of the total
acceleration. Opposite to what we observe for Alpha, the
minimum and maximum intensity regions of the total acce-
leration for Beta and Gamma occur where the geopotential
is maximum and minimum, respectively, describing an in-
verse pattern. Such behavior occurs due to direct competi-
tion between gravitational and centrifugal accelerations.
Scheeres et al. (2016) computed that the magnitude of
the total acceleration at the surface of the asteroid Bennu
does not exceed 1.00 × 10−4 m s−2. If we compare with
Alpha, whose rotation speed is 25% higher than that of
Bennu, this magnitude is ∼ 4 times smaller. While on the
surface of Gamma, the component closest to the size of
Bennu, but with much slower rotational speed, the maxi-
mum magnitude of the total acceleration is below 1.41×10−4
m s−2. This allows us to conclude that body rotation exerts a
significant influence on the acceleration experienced through
the surface.
5.2 Slope
In this subsection we compute the slope, which is a measure
on how much inclined a region on the surface of the object
is in relation to its acceleration vector, and is important
in order to estimate the movement of material across the
surfaces.
Consider the acceleration vector computed in each tri-
angular face of the polyhedral shape model of the body, as
identified in Section 5.1. Let us analyze how the surface,
Figure 5. Map of the total acceleration computed across the
surface of Alpha, Beta and Gamma, respectively. Note that the
colour scales are different for each body.
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that is, each face, is oriented in relation to this vector. Let
θ be the angle between the normal vector the surface and
the total acceleration vector of a given face. The angle slope,
defined as the θ angle supplement (Scheeres 2012; Scheeres
et al. 2016), is a measure that indicates how much inclined
a region on the surface of the object is in relation to its
acceleration vector.
The mapping of slope angle variation assists in unders-
tanding the movement of particles across the surface of the
object. A particle initially at rest, positioned in any region
on the surface of the body, has its movement tending towards
the locations of the lower intensity of the slope angle. Con-
sequently, these locations are prone to accumulating small
materials. Therefore, due to the relevant character, we map
the slope angle across the surface of the three system 2001
SN263 components, as indicated in Fig. 6. In advance, we
can notice, by the color bar denoting the intensity of the
slope angle of each component (Fig. 6), that the surface of
Beta carries the highest values of this angle, while Gamma
the smaller ones.
Although the maximum value of the slope angle map-
ped on the Alpha surface is 151◦, there are only a few re-
gions with this high peak of intensity, as can be seen in
the Left view of Fig. 6 (Alpha) a small area in the equa-
torial region, besides two slightly larger regions located at
the ends of the equator of Alpha (Front and Back views of
Fig. 6 - Alpha). Practically all over the surface of Alpha, the
slope angle is preferably distributed in a range of 0◦ to 60◦,
which does not exclude the fact that it is a still high total
variation. And the central region of the poles concentrates
the lowest values, well below 30◦. Another peculiarity is the
existence of a thin strip (Right view of Fig. 6 - Alpha) just
below the “waist” that delimits the equator of Alpha, where
the minimum values of the slope angle are also located. We
emphasize that it is precisely the equatorial region that com-
prises the lowest intensities of the geopotential (Right and
Left views of Fig. 4 - Alpha), while the poles delimit regions
with greater geopotential (Top and Bottom views of Fig. 4 -
Alpha). Therefore, the flow tendency of free material across
the surface of Alpha is to migrate towards the strip that co-
vers the lowest intensities of the slope angle, located near the
equator. To validate this analysis we illustrate the directions
of the tangential acceleration vectors, which generally point
in the direction of downslope motion. Fig.7 shows the tan-
gential acceleration vectors pointing mostly from the polar
regions towards the equatorial region, precisely to the thin
band below the “waist” of the body. Thus, this region repre-
sents a stable resting area, while the polar regions are uns-
table. This is an expected behavior pattern for small bodies
with a high rotation rate, as was verified for the asteroids
(1999) KW4 Alpha (Scheeres et al. 2006; Scheeres 2012) and
(101955) Bennu (Scheeres et al. 2016). We verified that the
shape model of (1999) KW4 Alpha is very close to that of
the largest component of the 2001 SN263 system, in addition
to having a rotation speed only 1.24 times faster. As illus-
trated in Scheeres (2012), (1999) KW4 Alpha also restricts
some peaks with high intensity of the slope angle located at
its equator, as well as near-zero slopes located at the poles
and on a strip just below the equator. Finally, the accu-
mulation of material, as loose and unconsolidated regolith,
will tend to form in regions with the lowest slopes and low
energy, which in the case of Alpha would explain the sali-
Figure 6. Map of the slope angle computed across the surface
of Alpha, Beta and Gamma, respectively. Note that the colour
scales are different for each body.
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Figure 7. Directions of the local acceleration vectors tangent to
the surface of Alpha, under the Top, Bottom and Right views.
Figure 8. Directions of the local acceleration vectors tangent to
the surface of Beta, under the Top, Bottom and Right views.
ence, a kind of bulge, in its equatorial region. Furthermore,
the low accelerations in this region (Right and Left views of
Fig. 5 - Alpha) also contribute to a minimum compression
of the material, which may explain the high porosity rate of
Alpha, equivalent to 68% (Becker et al. 2015).
The surface of Beta presents, for the most part, slopes
below 17◦ and its maximum value reaches 28◦. In the equa-
torial region (Right and Left views of Fig. 6 - Beta), which
demarcates minimum values of the slope angle, it was found
that the energy values are intermediate in relation to the
rest of the surface (Right and Left views of Fig. 4 - Beta).
As we mentioned in Section 4, there are two regions that
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Figure 9. Directions of the local acceleration vectors tangent to
the surface of Gamma, under the Top, Bottom and Right views.
delimit the “waist” of Beta and are near the poles (Right
view of Fig. 2 - Beta), and that due to the variation of al-
titude possibly contain valleys. Precisely in these regions,
there is a difference of almost 17◦ among the computed va-
lues of the slope angle. By analyzing the variation of the
slope angle around the polar regions (Top and Bottom vi-
ews of Fig. 6 - Beta), is evident their difference. The north
(Top view) is dominated by higher values (more than 20◦),
while in the south there are only a few spots of high values,
located close to the pole. At the north pole (Top view) we
observed a large region with high slope values involving the
central region, which has slopes close to zero. Such behavior
indicates that the presence of loose material across the Beta
surface tends to agglomerate at the poles, precisely in the
areas that demarcated low slope values. And really the di-
rections of the tangential acceleration vectors point to these
regions at the poles that concentrate low slopes, as can be
seen in Fig. 8. Again this result can be confronted with the
environment around the poles (Right view of Fig. 2 - Beta),
since it is characterized by the presence of more protruding
regions that are close to the regions that probably contain
valleys. In addition to the fact that Beta also has a high
porosity rate, about 72% (Becker et al. 2015).
On the surface of the smallest component of the sys-
tem 2001 SN263, the maximum value of the slope angle does
not exceed 23◦, a relatively low value when compared to
the values computed for Alpha. Throughout the surface of
Gamma, there is a distribution of regions whose slopes are
close to zero, with the exception of the poles that have a gre-
ater variation (Top and Bottom views of Fig. 6 - Gamma).
However, the variation of the slope angle across the surface
of Gamma does not strictly follow the same pattern of energy
variation. A clear example is the extremities of the equato-
rial region that delimit low slopes (Front and Back views of
Fig. 6 - Gamma) and high intensity of geopotential (Front
and Back views of Fig. 4 - Gamma). Especially in the north
pole, there is also this opposite behavior, as ascertained in
the Bottom view of Figs 4 and 6 for Gamma. Since the po-
les concentrate regions with higher slopes, we can conclude
from Fig. 9 that the movement of loose material in these
regions tends to move towards the near-zero slope locations,
according to the pointing direction of the tangential accele-
ration vectors. As reported in Scheeres (2012), when a body
presents slope values below 30◦, it may be indicative of a
relaxed surface. Thus, the possible migration of loose ma-
terial across the surface of Gamma may have occurred in
the past. So much that this body has a low rate of porosity,
corresponding to 36% (Becker et al. 2015).
Recalling that the mapping of the slope (Fig. 6) across
the surface of the triple system components differs notably
from the values computed in the mapping of the angle tilt
(Fig. 3), since the first takes into account the period of ro-
tation of the body and the second one is a purely geometric
measure. However, we can still identify a slight pattern in
which regions with low tilt angle values also have low slope
angle values, and vice versa. Again, we consider the surface
of Alpha to be the best option if a space mission decides
to land and collect sample material. This selection, besides
being based on the variation of the tilt angle, also takes into
account that the slope angle variation across the surface of
Alpha is not exaggeratedly high, predominantly below 60◦.
In addition to the possible existence of loose material accu-
mulated around the equatorial region of Alpha, that delimits
a species of bulge, that could be easily collected. Although
Gamma has near-zero slopes, it is a body that presents a
random variation of both the tilt angle and the slope angle.
5.3 Potential speed
In this section we map the increment of velocity needed
to move a particle from one location to another across the
whole surface of each body.
Aiming to further understand the dynamics of particle
motion across the surface of the asteroid (101955) Bennu,
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Scheeres et al. (2016) proposed the “Jacobi speed” calcula-
tion. This speed relates the kinetic energy required to move
a particle from an initial location to a final, or more preci-
sely, the amount of energy required for that purpose. Let us
consider a particle at rest in the position r0, which begins
its trajectory towards the location r1, on the surface of the
body. Then, the values of the Jacobi constant (equation (7))
computed in positions r0 and r1 of this trajectory can be
compared:
1
2
v21 + V (r1) = V (r0), (8)
to find the speed demanded in this movement
v1 =
√
−2(V (r1)− V (r0)). (9)
The above expression determines whether the trajectory of
a particle from r0 to r1 is possible or not. If the subtraction
(V (r1) − V (r0)) returns a negative result, the movement
between these two locations is allowed. Otherwise the move-
ment will be prohibited. Equation (9) provides the velocity
as a function of the relative energies evaluated at any two
positions on the surface of the body. In this way, the displa-
cement between two locations may generate a gain or loss
of velocity depending on the region on the surface of the
body that the particle will travel. From this idea, it is also
possible to map the geopotential on the surface of the body
and identify the lowest and highest energy locations.
Finally, this energy variation between any two positions
of the particle in the body-fixed frame is expressed by means
of the “Jacobi speed”, a term adopted by Scheeres et al.
(2016) to define the expression
vj =
√
−2V (r). (10)
Note, in this expression, that vj will have its maximum va-
lue precisely at the point where we obtain the lowest geo-
potential, among the values computed on the surface of the
body. So, we define vmj as the minimum value of the Jacobi
speed among those calculated on the surface of the body,
which establishes the highest point in the geopotential. Con-
sequently, the mapping of the relative values of Jacobi speed
measured across the body surface is performed as follows
∆vj(r) =
√
(vj(r))2 − (vmj )2, (11)
where ∆vj determines the necessary increase in the speed
of a particle that travels from the highest point in the ge-
opotential to another location on the surface of the body.
On the other hand, ∆vj can also represent the velocity re-
quired for a particle that starts its motion at any location
r toward the highest point in the geopotential. Since this
amount provides an additional interpretation of the geopo-
tential involving the movement of particles on the surface
of the body, we map its value across the surface of Alpha,
Beta, and Gamma, as shown in Fig. 10.
We observed a band around the equator (Right and Left
views of Fig. 10 - Alpha) of the largest component of the
triple system highlighting the maximum value of vj , that is,
a region of minimum geopotential and where the lowest point
in the geopotential is located. While the minimum value of
vj is concentrated in the poles (Top and Bottom views of Fig.
10 - Alpha), in regions of maximum geopotential and where
the highest point in the geopotential is located. These results
are in conformity with the behavior of the geopotential in
Figure 10. Relative Jacobi speeds ∆vj computed across the sur-
face of Alpha, Beta and Gamma, respectively. Note that the co-
lour scales are different for each body.
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the equator (Right and Left views) and the poles (Top and
Bottom views), as shown in Fig. 4 - Alpha. At the highest
point (poles) of the surface of Alpha we have vmj = 0.93136
m s−1, and for a particle to complete its trajectory from
that point towards the equatorial region, a value ∆vj will
be added to its velocity in order to boost its motion. That
required amount is about 0.743 m s−1.
For the two smaller bodies of the triple system, the
behavior of the relative values of Jacobi speed is contrary
to that observed on the surface of Alpha. We noticed a simi-
lar pattern in the mapping of ∆vj values on the surface of
Beta and Gamma. The maximum value of vj is distributed
in areas near the poles (Top and Bottom views of Fig. 10
- Beta and Gamma), in regions of lower geopotential. The
mean values of vj are preferably located in the equatorial
region (Right and Left views of Fig. 10 - Beta and Gamma).
While it is at the extremities of the equator (Front and Back
views of Fig. 10 - Beta and Gamma) where vj is minimal
and, consequently, are locations where the geopotential is
highest. Again this analysis agrees with the mapping of the
geopotential shown in Fig. 4 for the Beta and Gamma bo-
dies. In the location of the highest point in the geopotential
of Gamma, the value of vmj is about 13.5% smaller than that
of Beta, whose value is 0.27052 m s−1.
6 FEATURES OF THE DYNAMICAL
ENVIRONMENT
Since one of the goals of the ASTER mission is to launch
a small probe to orbit and explore the triple system 2001
SN263, it is essential to investigate the dynamic environ-
ment around these bodies. Thus, in this section, we present
the mapping of the energy variation J , through zero-velocity
curves, in order to identify the limits of physical motion so
that a spacecraft does not have an impact on the surface
of the body. Moreover, zero-velocity curves also allow the
identification of external equilibrium points in the gravitati-
onal field of the body. Lastly, the location of the lower value
of the Jacobi constant identifies the zero-velocity curve that
surrounds the body and, by comparing all other values of
J to this, it is possible to identify whether the motion is
confined to the internal region or the external region to this
curve. Thus, the non-occurrence of impacts on the body sur-
face is conditioned to suitable J values. This analysis can be
applied to space missions planning to orbit asteroids, for
example.
6.1 Zero-velocity curves
Equation (7) presented in Subsection 3.1 determines, fairly
accurately, regions in the vicinity of the central body where
the movement of a particle is permitted or prohibited. That
is, the Jacobi constant establishes a restriction on the orbital
motion of particles around the body. This restriction arises
directly from the inequality below, since the term 1
2
v2 ≥ 0:
J − V (r) ≥ 0. (12)
The above expression separates space into forbidden regions
and regions accessible to the particle. Thus, regions whose
V (r) < J offer no impediment, at first, to the movement of
a particle. While regions, where the trajectory of a particle
is prohibited, violate inequality, since we have V (r) > J . If
these forbidden regions divide into several disjoint regions in
space, particle displacement between such regions will never
occur. Finally, zero-velocity surfaces, or zero-velocity cur-
ves in the planes, determine the boundary of these regions,
governed by V (r) = J .
The contour plots of the zero-velocity curves in the xoy
plane corresponding to the polyhedral model of the triple
system 2001 SN263 components are illustrated in Figs 11a
and 12. Note that the curves are plotted according to the in-
tensity of the Jacobi constant. In addition, the arrangement
of these curves delimits the location of equilibrium points
around the body.
6.2 Equilibrium points
As mentioned earlier, zero-velocity curves assist in iden-
tifying equilibrium points in the gravitational field of the
body. In Figs 11a and 12 it is possible to observe regions
where these curves intersect or even close in upon themsel-
ves, delimiting the so-called equilibrium points, to critical
values of J . For small irregular bodies, such as asteroids
and comets, there are usually four external and one internal
equilibrium points, according to the investigation of Wang
et al. (2014) regarding the location of these points in the
gravitational field of 23 bodies.
Since at the equilibrium point the resulting force is null,
then its location satisfies the following condition (Jiang et al.
2014):
∂V (x, y, z)
∂x
=
∂V (x, y, z)
∂y
=
∂V (x, y, z)
∂z
= 0 (13)
The number of solutions of this equation depends on some
factors such as the irregular shape, density, and speed of
rotation of the body. Therefore, the number of equilibrium
points is not fixed, and their arrangement in the vicinity of
the body may change, despite being common the existence
of only four external points.
Table 4 identifies the coordinates of equilibrium points
in the gravitational field of the Alpha, Beta, and Gamma
components of the system 2001 SN263. For better visualiza-
tion, Fig. 11b shows the projection of the equilibrium points
of the largest component in the xoy plane. Note that the
points were named E1, E2, and so on, from the +x axis
counterclockwise. Similarly, we apply this same procedure
to Beta and Gamma, whose location of equilibrium points
in the xoy plane is illustrated in Fig. 12. Although all bo-
dies have an internal central equilibrium point, we will not
analyze it, since this escapes the objective of this paper.
Comparing the x, y, and z coordinates of Table 4, we con-
clude that the equilibrium points of the three bodies are
practiced in the equatorial plane. The external points of both
Beta and Gamma are symmetrical about the x and y axes
and are positioned away from the body surface. While for
the primary component the opposite occurs, the points are
very close to the body surface, and clearly there is no sym-
metry with respect to the x and y axes. Furthermore, Fig.
11b presents in the perpendicular direction only one equili-
brium point on each side, and a much higher concentration
of points in the left side region compared to the opposite
region, where only the points E1, E2 and E3 are located.
Indeed, the arrangement of these points correlates with the
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(a) (b)
Figure 11. (a) Contourplots of zero-velocity curves in the xoy plane corresponding to the Alpha component of the triple system
2001 SN263. Black dots represent equilibrium points. The color scale determines the value of the Jacobi constant. (b) Location of the
equilibrium points of the Alpha component in the xoy plane. Red dots are classified topologically as Saddle-Centre-Centre and blue dots
as Sink-Source-Centre. The green line defines the rotational Roche Lobe of the Alpha body, projected on the xoy plane.
Figure 12. Contourplots of zero-velocity curves in the xoy plane corresponding to the Beta and Gamma components of the triple system
2001 SN263, respectively. Red dots represent equilibrium points. The color scale determines the value of the Jacobi constant.
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Table 4. Location of equilibrium points of Alpha, Beta and
Gamma, respectively, and the value of the Jacobi constant, J .
Alpha
Point x (km) y (km) z (km) J (m2 s−2)
E1 1.375 0.166 0.024 −0.7025
E2 1.372 0.020 0.044 −0.7022
E3 1.350 −0.282 0.064 −0.7028
E4 0.354 −1.305 0.099 −0.6911
E5 −1.294 −0.452 0.021 −0.7103
E6 −1.373 0.004 0.041 −0.7050
E7 −1.388 0.127 0.025 −0.7054
E8 −1.338 0.331 0.014 −0.7040
E9 −1.325 0.413 0.013 −0.7041
E10 −1.116 0.795 0.016 −0.7016
E11 −0.980 0.989 0.002 −0.7024
E12 0.304 1.318 0.013 −0.6949
Beta
Point x (km) y (km) z (km) J (m2 s−2)
E1 1.009 −0.021 0.008 −0.0249
E2 −0.041 −0.974 0.000 −0.0243
E3 −1.016 −0.009 0.006 −0.0250
E4 −0.048 0.974 0.000 −0.0243
Gamma
Point x (km) y (km) z (m) J (m2 s−2)
E1 0.839 0.004 0.000 −0.0118
E2 −0.002 −0.829 0.000 −0.0117
E3 −0.839 0.003 0.000 −0.0118
E4 −0.001 0.829 0.000 −0.0117
irregular gravitational potential of the body and its high
rate of rotation. This investigation is the subject of a detai-
led study that is in progress.
Next, the equations of motion relative to the equili-
brium point were linearized and using the same method
as Jiang et al. (2014), we analyzed the disposition of the
six eigenvalues of the characteristic equation in the complex
plane. This practice is performed in order to investigate the
topological structure of the equilibrium point. The analysis
of the eigenvalues exposed in Table A1 (appendix A) shows
that the topological structure of the equilibrium points of
Alpha alternates in Saddle-Centre-Centre and Sink-Source-
Centre. The equilibrium points E1, and E3, located near
the x axis, of the Beta and Gamma components are Saddle-
Centre-Centre type. Already the topological structure of
the points E2 and E4 of Gamma is Centre-Centre-Centre,
while for Beta E2 it is Sink-Source-Centre and E4 is Centre-
Centre-Centre.
Considering the topological structure of the equilibrium
points of the system 2001 SN263 bodies, we investigated the
presence of stable regions around these points. We distri-
buted massless particles in a region containing the points
and performed numerical simulations to identify the size of
these regions. For obvious reasons, we did not do this kind
of simulation for Alpha, since the equilibrium points are too
close to its surface.
For the simulations, we adopted the N-BoM package,
which is an N-body integrator that uses the Bulirsch-Stoer
algorithm and manipulates the gravitational potential of ir-
regular bodies by a mass concentration (MASCONS) model
(Geissler et al. 1996). This method assumes a number N of
equally spaced points distributed within the body volume,
and the sum of the mass assigned to each point results in
the total mass of the object. The MASCONS model is not
as accurate as the polyhedra method but requires much less
time to integrate orbits, since it eliminates various calcu-
lations integral formalism. And the results ensure good ac-
curacy compared to the polyhedron method. According to
Borderes-Motta & Winter (2018), the irregular gravitational
potential of the body is given by the sum of the gravitational
potential computed at each mass point:
U(x, y, z) =
N∑
i=0
Gm
ri
, (14)
where N is the number of mascons, m = M
N
is the mass of
each mascon, such that M is the total mass of the object,
and ri computes the distance between the mascon and the
orbiting particle.
To reproduce the gravitational potential of Beta, we
consider a 15.5 m spaced grid that generated 64259 mas-
cons with m ≈ 3.73489 × 106 kg each. Then, we integrate
10 thousand massless particles randomly distributed in the
region of 800 < r < 1200 m, a range of a few meters from
the Beta surface and encompassing all external equilibrium
points. Initially, we assume all particles in circular orbits and
in the equatorial plane. To create the flat cloud, we distribu-
ted among the particles random values from 0◦ to 360◦ for
the mean anomaly. The equations of motion were integrated
for a timespan of 10 years (∼ 6600 spin periods of Beta).
To analyze the results, we will consider that a stable
region is one where the particles remained in orbit for the
integration period considered, and obviously were not ejec-
ted or collided with the body. Thus, Fig. 13 illustrates the
initial position of the 10 thousand particles flat cloud at the
beginning of the simulation (yellow dots) and those that sur-
vived after the 10 years of integration (blue dots). Note the
presence of stable regions only around equilibrium points
E2 and E4, whose topological structures differ from points
E1 and E3 (Saddle-Centre-Centre). In addition, the region
around point E2 has an angular amplitude of ∼ 15.1◦, while
for E4 it is ∼ 16.7◦, evidencing the no symmetry between
them. Also note that near the stable region around point
E2 there is a very small disconnected region whose orbits of
particles at this location exhibit unstable behavior (blue).
In this displaced region, we identified a quasi-periodic beha-
vior, suggesting a possible resonance, as shown in Fig. 14.
However, this question demands further studies.
In order to obtain a more realistic result, we performed
another numerical simulation assuming the same initial con-
ditions given above and added to the system the Alpha and
Gamma components. In this simulation, these last two bo-
dies are treated as mass points. For comparison purposes,
Fig. 13 also illustrates the initial position of the particles
that survived until the end of this simulation (red dots).
Due to the gravitational influence of Alpha and Gamma,
the stable region around the point E4 decreased (angular
amplitude ∼ 10.8◦), while the stable region around E2 di-
sappeared. We might also associate such reduction with the
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Figure 13. The yellow dots represent the positions in the xy
plane of 10 thousand massless particles randomly distributed
around the Beta component of the system 2001 SN263 at the
initial time. The blue dots represent the initial positions of the
particles that survived after 10 years of integration. The red dots
represent the initial positions of the particles that survived after
10 years of integration under the additional gravitational influ-
ence of the Alpha and Gamma components. Black dots represent
the position of equilibrium points in the vicinity of Beta.
Figure 14. Orbits of particles that survived after 10 years of
integration and are initially located in the smaller disconnected
region of the stable region around equilibrium point E2 (Fig. 13,
in blue).
fact that points E2 and E4 have different topological struc-
tures, as we identified in the linear analysis of stability.
Finally, we opted not to perform simulations with a flat
cloud of particles around Gamma, although it has equili-
brium points away from its surface. Unlike the Beta body,
which is further away from Alpha, Gamma is too close and
due to its small mass has a weak gravitational field. This
can be easily seen by comparing the geopotential intensity
across the surface of Alpha and Gamma, as shown in Fig.
4. This energy computed for the largest component is at le-
ast 100 times stronger than that of the smallest component.
Consequently, stable regions, if any, are strongly perturbed
by Alpha, causing instability in the regions near the points.
This contributes to a higher occurrence of particle collision
and ejection during the numerical simulation.
6.3 Guaranteed return speed
As discussed earlier, zero-velocity curves delimit the loca-
tion of equilibrium points in the gravitational field around
the body. These contour lines produce energy values that
limit the physical movement of a particle near the object, to
a given Jacobi constant value. Thus, considering the body-
fixed reference frame, the smallest value of the Jacobi cons-
tant (J∗), among those computed at the equilibrium point
locations, taking into account the geopotential, produces
zero-velocity curves that involve the entire asteroid in three-
dimensional space, restricting the space that contains the
body and space that does not contain the body. This sur-
face, which satisfies V (r) = J∗, defines the rotational Roche
Lobe on the body (Scheeres 2012). Through this minimum
energy, it is possible to obtain a lower limit of the guaranteed
return speed, a velocity measured across the body surface
that allows evaluating whether the movement of a particle
is conditioned to the vicinity of the asteroid or not (Schee-
res 2012). The expression that computes this lower limit is
given by
vret =
√
−2(V (r)− J∗), (15)
such this value will be set to zero if the evaluated geopoten-
tial on the body surface exceeds J∗.
We are interested in mapping the behavior of guaran-
teed return speed across the surface of each component of
the system 2001 SN263. Therefore, let us assume the motion
of a particle across the surface of the body under the energy
V (r). The particle can escape from the surface of the body if
this energy is greater than J∗. However, if this energy is less
than J∗ and the particle is moving inside the zero-velocity
curve that surrounds the body, it will not be able to es-
cape, and its movement will be restricted to the vicinity of
the asteroid. Thus, under gravitational dynamics, a particle
with a velocity lower than vret will be trapped inside the
zero-velocity curve whose energy is J∗, and can only move
across the surface of the body or in the environment very
close to it. The J∗ values for the Alpha, Beta and Gamma
components are −0.70537 m2 s−2, −2.4999 × 10−2 m2 s−2
and −1.1833× 10−2 m2 s−2, respectively.
In Fig. 11b we present the rotational Roche Lobe about
the Alpha body. Note that the zero-velocity curve that en-
compasses the Alpha equilibrium points ends up crossing the
body surface. This is a characteristic observed in spheroidal
bodies with high rotational speed (Scheeres 2015; Scheeres
et al. 2016). Thus, it is always possible for a particle to es-
cape from the Alpha surface, especially in regions at mid to
upper latitudes whose energy intensity is greater than J∗,
as shown in Fig. 4 - Alpha. Consequently, we have vret = 0
throughout the body surface. So, Fig. 15 illustrates the re-
turn speed mapping across the Beta, and Gamma surfaces
only.
Fig. 12, although showing a variation in the Jacobi cons-
tant, also records the rotational Roche Lobe of both Beta
and Gamma. This refers to the curve whose J∗ is associated
with the equilibrium point E3 and is enveloping the entire
body. And unlike for Alpa, this curve does not intersect the
surface of the body. The Beta component has the maximum
values of vret in regions close to the poles (Top and Bottom
views of Fig. 15 - Beta). While the minimum values are con-
centrated at the ends of the equatorial region, according to
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Figure 15. Guaranteed return speed vret computed across the
surface of Beta and Gamma, respectively. Note that the colour
scales are different for each body.
Front and Back views of Fig. 15 - Beta. However, the analy-
sis of Fig. 10 - Beta shows that a particle requires a speed of
up to 0.153 m s−1 to boost its displacement from a higher
point in the geopotential toward the lowest point. Note that
this value is smaller than the lower limit of vret mapped in
the polar regions (Top and Bottom views of Fig. 15 - Beta).
At these locations a particle to escape from the Beta surface
should have at least a speed of 0.216 m s−1. Therefore, a
particle located within the velocity curve that encompasses
Beta will be confined close to the body, as it does not have
enough energy to escape.
Similar behavior occurs when analyzing Fig. 15 for the
Gamma component. The mapped speeds across its surface,
Fig. 10 - Gamma, are at least about 35% smaller than the
lower limits of vret, Fig. 15 - Gamma.
7 MAPPING OF IMPACTS ACROSS THE
SURFACE
The works of Kru¨ger et al. (2003), Krivov et al. (2003), and
Winter et al. (2003) discuss the collisions between plane-
tary satellites and interplanetary dust particles that gene-
rate small materials, denominated ejecta, that initially tend
to orbit the satellite. This same behavior is expected for
smaller bodies, as in the case of asteroids.
Moura et al. (2020) considered a cloud of ejecta particles
around the asteroid (16) Psyche and mapped the fall of these
particles on the surface of the body. Then, they showed that
certain regions tend to suffer more falls, a fact that is direc-
tly connected to the gravitational potential of an irregular
object. Thus, we also investigated the distribution of the fall
the ejecta particles on the surface of the system 2001 SN263
bodies, with the interest of delimiting which regions suffer
more impacts of particles and, possibly, to previse regions
with an accumulation of materials.
We performed numerical simulations using the N-BoM
integrator package again. The numerical integration of the
equations of motion involves a system composed of Alpha,
Beta, Gamma, and 10 thousand test particles. All the par-
ticles started with circular orbits and inclination from 0◦ to
90◦, distributed randomly. Values from 0◦ to 360◦ for the
longitude of the ascending node and mean anomaly were
randomly distributed among the particles, in order to cre-
ate a cloud. The entire system was integrated for a timespan
of 1 year, corresponding to ∼ 58 orbital periods of Beta and
∼ 532 orbital periods of Gamma, sufficient time for the pro-
posed objective and validation of the results. In order to
statistically evaluate the results of the simulations, we mo-
nitored throughout the integration period the particles that
remained in orbit, those that were ejected, and those that
collided with any of the system 2001 SN263 bodies. In the
event of a collision with any of the bodies, the impact po-
sition is recorded, and the particle is immediately removed
from the simulation. As the goal is to map impacts across
the surface of Alpha, Beta and Gamma, we plan individual
simulations for each object: a cloud of particles is distributed
in the vicinity each of the bodies, whose mass distribution is
through mascons, whereas the gravitational influence of the
other two bodies is accounted for by treating them as mass
points.
In the simulations where the volume of Alpha is given
by 62864 mascons, the particles were randomly distributed
a few meters from the location of the equilibrium points,
in a range from 1.5 km to 3.0 km. Statistically, we verified
that about 68% of the particles collided with the surface of
Alpha. However, most of these impacts occurred in a times-
pan of less than 2.4 months, equivalent to ∼ 511 spin pe-
riods of Alpha. Fig. 16 shows the collisions mapped across
the surface of Alpha, under different views. Considering that
the particles were initially distributed in a cloud around the
body, not all the regions on the surface were impacted. Fig.
16 identifies that the collisions occurred preferentially in the
equatorial region of Alpha, with some impacts on the poles,
according to Top and Bottom views. Since the color code
gives the distance from the centre of mass of the body, we
can observe that it is precisely in the regions with a higher
altitude, those of lighter color, that the concentration of the
collisions occurs although it is the region of the poles that
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Figure 16. Mapping of the impact of particles across the surface of Alpha, from a cloud of particles initially orbiting this body.
exerts the greatest gravitational attraction, according to the
Top and Bottom views of Fig. 5 for Alpha, it is a fairly wide
equatorial band that presents a larger number of impacts,
exactly where the attraction is smaller. This occurrence may
be related to the fact that the particles are also receiving the
influence of the inner and outer bodies, which possibly con-
tributes to the flow of collisions migrate to the equatorial
region. Finally, we can conciliate the mapping of these falls
with the slope angle mapping, which indicates the tendency
of the movement of free particles on the surface of the ob-
ject, as we saw in Section 5.2. Thus, although most falls
occur in the equatorial region, the variation of the slope an-
gle shows that loose material on the surface of the body is
prone to have its movement directed towards regions with
low slope, that is, the poles (Top and Bottom views of Fig.
6 for Alpha).
Investigating the simulations where the cloud of par-
ticles was distributed around Beta, whose gravitational at-
traction is given by 64259 mascons, we verified that a little
more than 65% of the particles fell on the surface of the
body. While simulations with the cloud of particles around
Gamma, modeled with 60342 mascons, resulted in a smal-
ler number of impacts, below 45%. In both cases, there was
a homogeneous distribution of the impacts across the sur-
face of the objects, excluding the existence of preferential
regions. Consequently, these impacts do not depend on lo-
cations with higher or lower altitude or even gravitational
attraction. Thus, we will not present the graphs of these si-
mulations, because they do not add any discrepant results.
8 FINAL COMMENTS
In this study, we briefly discuss the shape of the triple system
2001 SN263 components that were fitted to polyhedra with
faces and vertices. Then, we investigate the gravitational po-
tential of each object using the polyhedra method, proposed
by Werner & Scheeres (1996). We define the geopotential
(Scheeres et al. 2016) in order to investigate the dynamic
environment around and on the surface of the bodies.
We present the topographic characteristics in relation to
the geometry and geopotential of each component. From the
perspective of geometric topography, we discuss the results
generated by the geometric altitude and tilt quantities, high-
lighting regions with high altitudes and the irregular relief
of the surfaces of Alpha, Beta, and Gamma. The geopoten-
tial topography analysis included the mapping of the geo-
potential, slope, surface accelerations, and potential speed
across the surfaces of the system 2001 SN263. Such quan-
tities allowed us to locate the highest and lowest points in
the geopotential of the bodies. In addition, the intensity of
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this energy is at least 100 times greater on the surface of the
largest component than in the other two components. The
investigation of the slopes across the surface of Alpha sug-
gests an accumulation of loose material around its equatorial
region, enabling the collection by a space mission.
Next, the equilibrium points in the gravitational field
of each object were located, and we also present the zero-
velocity curves that illustrate the regions where these points
can be found. We emphasize that Alpha has a relatively large
number of equilibrium points, 12, which are located very
close to its surface. We identified the topological structure
of the equilibrium points of the system 2001 SN263 through
linear analysis of stability. In addition, we investigated the
presence of stable regions around these equilibrium points.
We distribute massless particles around each body and per-
form numerical simulations to determine the size of these
regions. The results showed that only Beta has small stable
regions around points E2 and E4. And that under the gra-
vitational influence of the other two components the stable
region around point E4 decreased angularly, while the region
around E2 disappears.
Finally, we integrate a cloud of massless particles orbi-
ting the vicinity of each component of the triple system to
map the impacts across Alpha, Beta, and Gamma surfaces.
We present a statistical analysis regarding the distribution
of these impacts across the body surface, showing possible
preferential regions. We emphasize that for Alpha the fall of
the particles on its surface occurs mainly in the equatorial
region.
All the discussions presented in this study, whose objec-
tive was to analyze the surface characteristics and dynamical
environment of the triple system 2001 SN263, might help in
the planning of the first Brazilian space mission. Moreover,
it may contribute to the investigation of other multiple aste-
roid systems, and perhaps to motivate future space missions
in order to understand these unique systems a little more.
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APPENDIX A: EIGENVALUES
Eigenvalues of the equilibrium points presented in Table 4,
referring to the triple system 2001 SN263 components.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Table A1. Eigenvalues (λn × 10−4) of equilibrium points in the gravitational field of the triple system 2001 SN263 components and
their topological structures.
Alpha
Point λ1,2 λ3,4 λ5,6 Topological structure
E1 ± 4.552 ± 5.344i ± 6.641i Saddle-Centre-Centre
E2 −2.255 ± 3.534i 2.255 ± 3.534i ± 6.093i Sink-Source-Centre
E3 ± 2.653 ± 4.580i ± 6.164i Saddle-Centre-Centre
E4 −2.675 ± 3.369i 2.675 ± 3.369i ± 6.599i Sink-Source-Centre
E5 ± 1.078 ± 10.20i ± 6.421i Saddle-Centre-Centre
E6 −3.108 ± 4.222i 3.108 ± 4.222i ± 5.966i Sink-Source-Centre
E7 ± 7.103 ± 8.406i ± 5.632i Saddle-Centre-Centre
E8 −2.955 ± 3.889i 2.955 ± 3.889i ± 6.257i Sink-Source-Centre
E9 ± 5.432 ± 6.026i ± 6.718i Saddle-Centre-Centre
E10 −3.076 ± 4.082i 3.076 ± 4.082i ± 6.126i Sink-Source-Centre
E11 ± 4.612 ± 3.540i ± 7.789i Saddle-Centre-Centre
E12 −2.599 ± 4.037i 2.599 ± 4.037i ± 5.731i Sink-Source-Centre
Beta
Point λ1,2 λ3,4 λ5,6 Topological structure
E1 ± 0.552 ± 1.367i ± 1.347i Saddle-Centre-Centre
E2 −0.027 ± 0.904i 0.027 ± 0.904i ± 1.321i Sink-Source-Centre
E3 ± 0.677 ± 1.398i ± 1.372i Saddle-Centre-Centre
E4 ± 1.064i ± 0.710i ± 1.319i Centre-Centre-Centre
Gamma
Point λ1,2 λ3,4 λ5,6 Topological structure
E1 ± 0.287 ± 1.090i ± 1.077i Saddle-Centre-Centre
E2 ± 1.022i ± 0.291i ± 1.065i Centre-Centre-Centre
E3 ± 0.290 ± 1.090i ± 1.077i Saddle-Centre-Centre
E4 ± 1.022i ± 0.294i ± 1.065i Centre-Centre-Centre
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